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Continuum modeling of electrostatic interactions based upon numerical solutions of the
Poisson-Boltzmann equation has been widely adopted in biomolecular applications. To
extend their applications to molecular dynamics and energy minimization, robust and
efficient methodologies to compute solvation forces must be developed. In this study, we
have first reviewed the theory for the computation of solvation forces, especially for the
computation of dielectric boundary forces, based on the definition of Maxwell stress tensor.
This is followed with further theoretical analysis to derive a new formulation suitable for the
finite-difference Poisson-Boltzmann numerical methods. Additional numerical enhancements
are then proposed within the new formulation. We have validated the new formulation with
idealized analytical systems and realistic molecular systems. Our analyses show that the new
formulation converges better and are numerically more stable than the existing method for
the tested systems.



I. Introduction

Solvation interaction is one of the essential determinants of the structure and function of
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proteins and nucleic acids.

It has been shown that continuum electrostatics represents an
effective and physically sound approach which makes it possible to account for a number of
phenomena involving solvent electrostatic effects on the function of biological
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marcomolecules.

Due to the availability of high performance computing resources,
continuum modeling of electrostatic interactions, which is based upon numerical solutions of
the Poisson-Boltzmann equation (PBE), has been widely adopted in biomolecular
applications."* Among the numerical solution methods for PBE, finite difference methods
(FDM),">"? finite element methods (FEM),”>”’ and boundary element methods (BEM)*">*
are mostly used.

A disadvantage of the numerical continuum electrostatics methods is that it is
conceptually difficult to incorporate them into molecular mechanics algorithms, mainly
because of the problem of assigning solvation forces.?®** 4352 Along with other limitations,
the PBE is mostly solved for static conformations of biomolecules in practical applications.
To extend the application of the PBE to molecular dynamics and energy minimization, robust
and efficient methodologies to compute solvation forces must be developed. It has been
shown that solvation forces can be divided into two components: reaction field forces and

. . 26,34, 41, 55-62
dielectric boundary forces.”™ """

Reaction field forces are straightforward to compute,
but computation of dielectric boundary forces (DBF) remains as a challenge in the widely

used classical two-dielectric model that has been successfully in a wide range of

biomolecular applications.'™*



The challenge can be appreciated by noting that the derivative of dielectric constant at the
dielectric interface between solvent and solute, where DBF is located, is infinite in the
classical two-dielectric model. There have been several proposals in the past to bypass the
“dielectric singularity” completely via the use of smoothed dielectric transition models.”® ®!
When doing so we need to bear in mind that the dielectric transition layer cannot be set to an
arbitrary thickness and still hope for realistic representations of solvation interactions. The
upper bound of the thickness may, in principle, set a lower bound on the discretization
resolution” if we insist upon the quality of the smoothed dielectric models.

Many efforts have been invested to calculate the DBF.*® >>7% % 62 The “virtual work”
method is, in a sense, the most definitive.”” In the “virtual work” method the electrostatic
energy G is recalculated for small displacements d of each atom in the x, y, and z directions,
respectively. The force is then just —AG/d for each direction. The limitation of this
approach, however, is that at least four full numerical calculations are required in order to
calculate each force vector. Apparently, this is only realistic for molecules treated as rigid
bodies.

Davis and McCammon proposed a DBF formulation by examining the integration of the
Maxwell stress tensor for the classical two-dielectric model. The DBF surface density was
shown as

£, = (¢,—&)(E, E,)#, (1)
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where ¢, and ¢, are the dielectric constants of the solvent and the solute, respectively, and

E, and E, are the values of the electric field evaluated on the solvent and solute sides of

" For example, the dielectric transition layer has to be covered by a few grid points in the widely used FDM

solutions to guarantee accuracy and numerical stability during simulations.
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the molecular surface, respectively. Note that the use of eqn (1) is difficult for the FDM
solutions because the grid potentials are least accurate close to the solute/solvent dielectric
interface.'®*® In addition, it requires a numerical surface integration that can be very
expensive within the FDM. Recently Che ef al. revisited the DBF calculation through a
variational strategy in the classical two-dielectric model.”* Given the assumption that the
normal surface field contributes predominantly to DBF, they showed that the DBF could be

formulated as
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where &V represents the continuous normal dielectric displacement vector on the
solute/solvent dielectric interface.

The BEM is another promising approach to incorporate the continuum electrostatics into
molecular mechanics simulations.*” ** ©*7 The DBF calculation in the BEM using a

polarization charge method was first described by Zauhar,”® who showed that the DBF

surface density can be calculated as
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where o is the surface polarization charge density. This expression was derived from eqn
(1). The use of surface polarization charge density makes it straightforward in certain types
of BEM where the Poisson’s equation can be solved through the iteration of the surface
polarization charge density. Cortis ef al. also tried to compute the DBF via the Maxwell

stress tensor for their FEM leading to the same formulation as that of Zauhar.**

Gilson et al. presented a variational approach for the DBF,” and it was further tailored



into a numerical algorithm for the FDM. Their expression for the DBF volume density can be
expressed as

Bonr =~ [E[ Ve, @
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where ¢ is the dielectric constant and E is the electric field. Note that the direction of the
DBF in eqn (4) is consistent with that in eqn (1) and in its equivalent formulations because
the gradient of dielectric transition is in the normal direction. Im et al. proposed a method
equivalent to eqn (4) as”

o =) g7 v 8
where ¢ 1is the total electrostatic potential, » represents the atomic coordinates. Apparently
both eqn (4) and (5) require smoothly varying dielectric models since V& has to be finite,
i,e. ¢ has to be designed to change from ¢ to ¢, sufficiently smoothly for stable
numerical performance.®’ This would exclude the classical two-dielectric model where V&
is infinite. Even if the harmonic average is used at the solute/solvent dielectric interface,
direct numerical calculation of Vg is still unstable in molecular dynamics. This leads to
large and unstable DBF that does not satisfy the “virtual work™ principle. Numerical
approximation of Ve may alleviate the problem, but instability cannot be completely
eliminated in molecular dynamics.59’ 68

Even with these pioneer developmental efforts, the DBF calculation remains to be a
bottleneck that limits the wide application of numerical PB methods in molecular simulations.
Nevertheless, these prior efforts lay down the foundation for us to develop more accurate and
robust methods. In this study, we intend to resolve the challenge within the widely used

classical two-dielectric framework.'" In the following we first review the theory for the
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DBF calculation based on the Maxwell stress tensor. This is followed by the development of
a new algorithm particularly designed for the FDM solutions. The performance of the new
algorithm is then analyzed in detail and is compared with the well-established Gilson et al.
method.”
I1. Methods
A. Theory

It is well known that the electrostatic force volume density (g) can be derived through the

divergence of the Maxwell stress tensor (P) as®”

g=V-P :i(i.P)Jri(j.P)Jri(f(.p)
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where p’ is the fixed charge density, E is the electric field, & is the dielectric constant,
and AIT is the excess osmotic pressure,”’ A is the Stern layer defined so that it is / in
regions accessible to the mobile ions and 0 elsewhere. This is consistent with the formulation
of Gilson er al.” derived from the variation of the total electrostatic free energy.®*® The
force volume density that is responsible for the DBF can be rewritten as
| B
osr ~ __|E| Ve. (7
8
To remove the potential numerical instability in Ve and develop a new formulation that
is more suitable for the FDM, we utilize a revised PBE. In the vicinity of the dielectric
boundary p’ =0, we have
V-(¢E)=0 (8)
Differentiation by parts on the left hand side of eqn (8) gives

Ve-E+&V-E=0 9)



The second term of eqn (9) can be rewritten as
eV-E=eV-(E,+E,;), (10)
where E_ is the Coulomb field and E,, is the reaction field. Since V-E, =470’ =0 in
the vicinity of the dielectric boundary, eqn (10) can be simplified as
e&V-E=&V-E,, =4nep", (11)
where p”” =iV-E #- 1s the polarization charge density at the dielectric boundary. With
eqn (9) and (11), Ve-E can be written as
Ve-E=-&V-E=—41p™ . (12)
To utilize the above conclusion to eqn (7), we first transform eqn (7) via a dot-product by
E on both sides

€ psr ~E=—§IEIZV«9-E=%ep”’ Ef. (13)

Since the direction of g,,. follows the gradient of the dielectric constant, i.e. the normal

direction of the surface (n), the left hand side of eqn (13) can further be transformed as
Sopr E=gppetE=g, E, (14)

where is E, the normal component of the surface field. Therefore
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Thus g, can finally be written as
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There are several equivalent forms of eqn (16) by noting that D=¢E and D, =¢E,:
1 . DE. 1 . [Df
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These equivalent forms can be used to develop other alternative numerical strategies or
approximations as will be shown in our later publications.
B. Numerical algorithm

In the FDM, the polarization charges can be regarded as being located at the dielectric
boundary grid points.*’ It will be shown below that the grid-based polarization charges are
very good numerical representations of the dielectric interface polarization charges and
converge very well. Their errors are particularly small when typical grid spacings, i.e. 0.25 ~
0.50 A, are used. Given this numerical representation of polarization charges and eqn (16),
the total DBF in the solution system, G, , can be computed numerically as

2
nbnd
1 o EE

Gpopr = IgDBde zE z q; E n, (18)
i=1
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where nbnd is the number of the solute/solvent dielectric boundary grid points where the

polarization charges are located.’ 9", E,, E

n,i?o

and n, are, respectively, the polarization
charge, surface field, normal surface field, and surface normal unit vector at dielectric
boundary grid point i. To further improve the numerical behavior of eqn (18), the
polarization charges are projected to the analytical molecular surface as in the calculation of
reaction field energy and forces with the polarization charges.”” This reduces the
grid-dependence of eqn (18) and the numerical uncertainty of the DBF. Of course it also
improves the convergence of DBF. As will be discussed below, there is more room to further
improve the numerical behavior of eqn (18).

C. Surface field calculation

" Of course the polarization charges are zero on all other grid points where there is no
dielectric variation.



Use of eqn (18) needs electric field at the projection points of the polarization charges on
the molecular surface. However, a practical question is which side of the molecular surface,
i.e. the solute side or the solvent side, the surface field shall be interpolated when the
polarization charges are projected onto the molecular surface. Apparently, the problem does
not exist if the polarization charges stay on the grid points, which are rarely exactly located
on the molecular surface. This turns out to be not a problem at least in theory because there is
no preferred side in eqn (16), i.e. either side should work in theory. However, this does not
mean that the numerical behavior is the same between the two approaches. Indeed,
interpolations from the solute side and the solvent side are only highly consistent only when
a very fine grid spacing is used, for example, 1/16 A. At coarse grid spacing, interpolation
from the solvent side turns out to be too noisy because of the much-reduced magnitude in
electric field from solvent screening. Thus, surface field was interpolated from the solute side
in the following numerical procedure.

We utilized the one-sided least-square interpolation method’’ to obtain the surface
potential and field at an arbitrary position (x,,»,,z,). Briefly a potential function of the
form

f(oyz)=ay+a(x—x)+a,(y—y,)+as;(z—z,) (19)
is fitted using the potentials ¢ of N, (=4) nearest grid points in the region of the same

dielectric. The coefficients a,(i =0,1,2,3) are determined to minimize

A= [$x,, Yr2) = Es s 2| (20)

so that the potential and the derivative of potential at position (x,,y,,z,) 1is given by the

following relation:
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Furthermore, the least-square interpolation was conducted without the singular
Coulombic field, i.e. only the reaction field potential was used in the interpolation. There are
two benefits in this choice. (1) The notoriously difficult problem of obtaining accurate
surface potential is somewhat alleviated at any finite grid spacing, because the most
inaccurate component, the Coulombic field is removed. (2) Coulombic field at the surface is
computed analytically. Indeed, the first-order procedure would not be sufficient if Coulombic
field is interpolated since the atomic charge is often too close to the surface. This strategy
does not incur extra cost since we have to compute the Coulombic interaction between these
surface projected polarization charges and atomic charges in the calculation of reaction field
energy and forces. Of course, the strategy would be awkward if we have to call the FDM
solver twice to compute the reaction field potential. Fortunately our singularity-free
formulation for FDM developed recently allows this to be achieved quite efficiently with one
FDM call.”!

D. Surface polarization charge calculation

The surface polarization charges are calculated using the Gauss law and the grid potential
obtained from the FDM.* The boundary grid polarization charges are projected on the
molecular surface according to the procedure described by Rocchia et al.”’
E. Data analysis

An issue important for stable dynamics simulation is the numerical uncertainty of

solvation forces when the finite-difference grid is randomly positioned. Sensitivity of grid
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positions respect to the solute molecule has been a particularly annoying limitation in current
numerical FDM solutions. Here a total of 64 different finite-difference grid origins were used
to analyze the numerical uncertainty of different methods, i.e. the effect of relative location of
finite-difference grids with respect to the interface and charge distribution.
F. Other details

The dielectric interface between the solute and solvent regions was defined by the
solvent-excluded molecular surface, obtained with a solvent probe radius 0.6 A. Note that the
unconventionally small probe radius was optimized based on our quantitative comparative
analyses of the Poisson-Boltzmann implicit solvent and the TIP3P explicit solvent.”* In Ref

72 and subsequent analysis™"*

we found that the electrostatic solvation energies of small
molecules are not very sensitive to the different probe sizes. However, the electrostatic
potentials of mean force of hydrogen-bonded or salt-bridge dimers are quite sensitive to the
probe radius used and a solvent probe radius of 0.6 A can best reproduce the TIP3P solvent
among the tested probe radii.””* Our subsequent analysis of ion pairs on peptides and
proteins also indicates that the probe radius of 0.6 A can best reproduce the solvation free
energies in the TIP3P solvent. Of course, the numerical procedure proposed here works for
any other solvent probe. The dielectric constant outside was set as 80.0, and the dielectric
constant inside was set as 1.0. The grid spacing was chosen from 1/2 A to 1/16 A. The
finite-difference convergence criterion was set to be 10”. All molecular structures were first
processed with Leap in AMBER 10" and the modified Bondi radii were used except the radii

of all hydrogen atoms were changed to 1.0 A. No electrostatic focusing was used. The

dimension of the grid with respect to the solute was set to be as small as 1.2 to accommodate



the use of the extremely small grid spacing of 1/16 A. This is not a problem for our current
analysis of DBF since our primary focus is on the convergence and numerical uncertainty of
the DBF. Other parameters were set to be default as in the PBSA program'> 2% %% of
AMBER 10.”
I1I1. Results and discussion
A. Model systems

We first used a well-studied testing system, a single dielectric sphere imbedded with
point charges, to study the validity of eqn (18). The radius of the sphere R is 2.0 A, about the
size of a united carbon atom, centered at (0, 0, 0). Three typical situations are considered: (a)
charged system with a unit positive charge positioned at (0.5, 0, 0); (b) dipolar system with
two unit charges located at (-0.5, 0, 0) and (0.5, 0, 0), respectively. (¢) quadrupolar system
with four unit charges located at (-0.5, 0.5, 0), (-0.5, -0.5, 0), (0.5, -0.5, 0) and (0.5, 0.5, 0).

The DBF surface distributions are shown in Figure 1. The analytical distributions are also
shown as reference. It is clear that in all three test cases the DBF distributions converge to the
analytical values as the grid spacing is reduced from 1/2 A to 1/16 A. Note too that the DBF
distributions deviate noticeably from the analytical values at the coarsest grid spacing of 1/2
A, and the deviation is reduced as the grid spacing is reduced. More quantitatively the
average standard deviations and average root-mean-squared (RMS) deviations (between the
mean and the analytical forces) of DBF decrease with a factor of 2 — 4, as grid spacing is
reduced by half (Table 1). At the same time, the results of Gilson ef al. are also shown for

comparison. It can be seen from Table 1, both methods converge to the analytical values as

the grid spacing is reduced to 1/16 A, with very similar accuracy, indicating a very high level
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of consistency at the finest tested grid spacing. At the coarsest grid spacing of 1/2 A both the
average standard deviations and RMS deviations of eqn (18) are better than those of Gilson
et. al, though the improvements are not very impressive, different from the observation in
realistic molecules as will be shown below.

B. Molecular systems

Atomic polarization charges We used two salt-bridging amino acid side chain pairs RD
and KD to analyze the convergence of atomic polarization charges. Figure 2 shows the
convergence of the mean polarization charge on each atom over reducing grid spacing. It is
interesting to note that the mean polarization charges converge well at the grid spacing of 1/2
A. Average standard deviations and average deviations (versus the values at 1/16 A) of
atomic polarization charges are also analyzed and shown in Table 2.

Singularity removal in field interpolation The same salt-bridging side-chain pairs were
also used to highlight the importance of the charge singularity removal. Table 3 shows that
the standard deviations of computed forces are smaller with singularity removal than those
without singularity removal, indicating a more stable algorithm performance. In addition,
RMS deviations and correlation coefficients (CC) of forces with respect to the forces
computed at the grid spacing of 1/16 A are clearly better with singularity removal than those
without singularity removal, indicating faster convergence with respect to the grid spacing.

Atomic dielectric boundary forces We selected additional molecular systems to test the
new DBF formulation, including two hydrogen-bonding base pairs (CG and AT) and two
biopolymers (polyAT and polyALA). As shown in Methods and in analytical model systems,

the new formulation is mathematically consistent with that proposed by Gilson et al. Here
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their consistency is demonstrated by the correlation coefficient (CC) and RMS deviation
between the two sets of atomic DBF's. These correlation data are shown in the bold face for
the grid spacing of 1/16 A in Table 4. Overall CC ranges from 0.999299 to 0.999773 and
RMS deviation ranges from 0.020 to 0.057 kcal/(mol A), with RMS relative deviation in the
order of 107 for atomic force magnitudes of at least 3.32 kcal/(mol A). Finally the standard
deviations and RMS deviations decrease by ~2 — 4 as the grid spacing reduces by half in both
methods.

The most apparent advantage of the new method is its much lower numerical uncertainty
at coarser grid spacings. It can be seen from Table 4 that the standard deviations of atomic
DBF by the new method are up to 6 times smaller than those by Gilson et al. at the grid
spacing of 1/2 A. At finer grid spacings, the standard deviation by Gilson et al. reduces more
dramatically: the standard deviation by the new method is about 3 — 4 times smaller than that
Gilson et al. at the finest grid spacing of 1/16 A.

The second advantage of the new method is its faster convergence of atomic DBF at
coarser grid spacings: the RMS deviations of atomic DBF at coarser grid spacings with
respect to the benchmark data at the grid spacing of 1/16 A are about 2 to 4 times smaller
than those by Gilson et al (Table 4). In addition, CC of the new method with respect to the
computed forces at the grid spacing of 1/16 A ranges from 0.989392 to 0.997477, while that
of Gilson et al. ranges from 0.914655 to 0.975337. The largest improvement of the new
method over Gilson ef al. is at grid spacing of 1/2 A as shown in Figure 3, which plots the
correlations between atomic DBF at 1/2 A and at 1/16 A for all tested molecules with both

methods. These plots are consistent with the correlation analysis presented in Table 4,
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indicating that the new method converges faster than Gilson et al. at the coarsest grid spacing
of 1/2 A. Finally, the convergence qualities of the atomic DBF for polyAT over different grid
spacings are also shown in Figure 4, further indicating that the new method converges faster
than Gilson et al.

Total electrostatic force An important issue in the force calculation is whether an
algorithm leads to energy-conserved molecular dynamics simulations. Often numerical error
in force calculation exists so that system dynamics appears under the influence of external
force. A good DBF formulation should in principle lead to zero total force. Since analytical
Coulombic forces are guaranteed to sum up to zero, solvation electrostatic forces, including
reaction field forces and DBF, should sum up to zero as well. Apparently, it is impossible to
guarantee zero total solvation electrostatic force at any finite grid spacing due to the
existence of numerical error. Nevertheless, the total force should at least converge to zero as
grid spacing is reduced. Table 5 shows that the standard deviations of total electrostatic
forces are reduced when the grid spacing is reduced, indicating more accurate total forces at
finer grid spacing. The mean total forces also converge to zero as the grid spacing is reduced
in both methods, though their convergence is not as impressive as that of the atomic DBF. In
general, this is a much harder problem, requiring a much higher self-consistency among all
related numerical components.

The most significant improvement of the new method over Gilson et al. is the
much-reduced standard deviations of total forces: reductions in the order of ~6 can be
observed. This is consistent with the analysis of atomic DBF. The reduction in the mean total

forces is also noticeable, but not as dramatic as in the standard deviation: mean total forces
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four times smaller are often observed at the coarse grid spacings. Note also that the
comparative advantage of the new method over Gilson et al. is reduced at the finest grid
spacing: both standard deviation and the mean become comparative between the two
methods. The inaccuracy of DBF at coarse grid spacings may result from the direct use of
FDM Coulomb potential in Gilson et al since the error finally goes away due to the much
higher numerical accuracy of Coulomb potential at the finest grid spacing.

Conformation dependence To understand how well the new method and Gilson et al.
respond to conformation change, we monitored the total electrostatic force on base C of the
CG dimer with respect to different base pair distance (Figure 5). Note that the analytical
Coulombic forces and numerical reaction field forces are also included to analyze the two
methods in the context of total electrostatic interactions. In this analysis the average forces by
the new method and Gilson et al. at the grid spacing of 1/16 A is used as benchmark.
Consistent with our analyses above, the most significant improvement of the new method
over Gilson et al. is at the coarsest grid spacing of 1/2 A: the standard deviations of the total
electrostatic forces are reduced significantly by the new method though the deviations of
mean total forces from the benchmark are quite similar between the two methods. As the grid
spacing reduces, the standard deviations and the deviations from the benchmark both reduces
dramatically for both methods. Furthermore, the mean total forces by the two methods
become highly consistent when the finest grid spacing is used.

C. “Newton’s Third Law” algorithm
Finally, we tested the previously proposed “Newton’s Third Law” algorithm for the DBF

calculation. See for example the implementations in Delphi and Amber 10.”**7 Similar to
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the new formulation developed in this study, this algorithm also utilizes the polarization
charges. However, the DBF is derived based on the fact that the reaction field force must be
balanced to satisfy the Newton’s third law. Here we use the single-charged sphere in section
IIILA as an example to disprove the algorithm since analytical solution exists for such a
simple system. Figure 6 shows the surface distribution of DBF for the tested system by the
algorithm. The analytical results are also shown as reference. The total DBF on the single
sphere clearly satisfies the Newton’s third law by design, but the surface distribution is very
different from the analytical solution: the algorithm tends to over-estimate the DBF density.
Thus the agreement between the algorithm and theory for the total DBF for the
single-charged sphere is merely coincident.
D. Limitations of the new formulation and future directions

As we have discussed in the methods, there are several advantages in the new
formulation that utilizes the dielectric boundary charges. When the surface charges are
projected to the analytical molecular surface, the grid-dependence in DBF can be greatly

reduced. However, use of surface charges has a disadvantage, that is, its scaling, in the order

atom atom

of O(N,,,*N,,), is clearly worse than O(N2 ) because there are always far more
dielectric boundary grid points than atoms. Fortunately, the pairwise interaction between the
atoms and boundary grid points only needs to be computed once for both the reaction field
force and the DBF. Nevertheless, the total cost of numerical forces can exceed that of the
numerical FDM solution in dynamics simulations if a well-optimized solver is used. This

shows that better-scaled methods are still needed.

Another difficulty in the DBF calculation comes from the geometric complexity of the
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widely used molecular surface definition: i.e. there are two types of surface, contact surface
from the van der Waals hard sphere surface and reentry surface from the solvent probe. There
are two consequences resulted from the complexity. The first consequence is its unsmooth
nature, i.e. the surface curvature is not always continuous. Indeed, discontinuity always
occurs where the contact surface joints the reentry surface. Even more seriously, the
curvature does not exist when the reentry surface is reduced to a point in certain geometric
arrangements. When numerical integration of DBF is evaluated on such a surface, certain
loss of numerical stability can be expected even if the new formulation is used. We are
actively working to develop smoother molecular surface definitions that are still highly
consistent with the classical molecular surface definition in this group. The geometric
complexity also results in the second consequence — there exist two kinds of surface forces:
one on the contact region that can be easily translated to the atoms; the other on the reentry
region that is hard to be assigned to a particular atom. This is because the DBF is a
continuum concept, arising from the existence of two continuum bodies, i.e. solvent and
solute. In this analysis, we have partitioned the DBF to different atoms in a rather ad hoc
manner. More physical strategy that considers the very nature of continuum solvent is clearly
needed and is under development in this group.
IV. Conclusion

Numerical Poisson-Boltzmann methods have been shown to be successful in a wide
range of biomolecular applications, but their applications are quite limited in molecular
mechanics simulations, in part, due to the difficulty in the calculation of DBF. In this work,

we first review the theory for the DBF calculation based on the Maxwell stress tensor. Then a
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new algorithm is developed for the FDM solutions based on the concept of polarization
charges. The performance of the new algorithm is then analyzed in detail and compared with
a well-established method.

Our analysis shows that the mean polarization charges converge well. We then analyzed
the effect of charge singularity removal in the computation of DBF and noticed a significant
improvement when the charge singularity is removed. We further tested the new DBF
formulation with multiple small molecules and two biopolymers. The results show that the
new formulation is consistent with Gilson et al. on the tested molecules. The most apparent
advantage of the new method is its much lower numerical uncertainty at coarse grid spacings.
The standard deviations of atomic forces by the new method are up to 6 times smaller than
that by Gilson et al. at the grid spacing of 1/2 A. The second advantage of the new method is
its faster convergence of atomic forces at coarser grid spacings: the RMS deviations of
atomic forces at coarse grid spacings with respect to the benchmark data at the grid spacing
of 1/16 A are about 2 to 4 times smaller than those by Gilson et al. As far as total
electrostatic forces are concerned, the most significant improvement of the new method over
Gilson et al. is the much-reduced standard deviations: reductions up to 6 times can be
observed. This is consistent with the analysis of atomic forces.

Finally, we also tested the previously proposed ‘“Newton’s Third Law” algorithm for the
DBF calculation. Our analysis shows that even if the total force on the single sphere clearly
satisfies the Newton’s third law by design, the surface distribution is very different from
analytical solution: the algorithm tends to over-estimate the dielectric force density. Thus, the

agreement between the algorithm and theory for the total DBF for the single-charged sphere
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is merely coincident.
It should be pointed out that the better numerical behavior of the new formulation over

that of the Gilson et al. comes at a cost, that is, its scaling, in the order of O(N x N bm,) ,

atom

is clearly worse than O(N 2

atom

) because there are always far more dielectric boundary grid
points than atoms. Nevertheless, the pair-wise interaction between the atoms and boundary
grid points only needs to be computed once for both the reaction field forces and the DBF.
However, more efforts are clearly needed to develop algorithms that are both stable and
efficient.
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Tables

Table 1. Convergence of dielectric boundary forces (kcal/(mol A)) in the spherical analytical
systems. ¢ and rmsd are, respectively, the average standard deviations of dielectric
boundary forces and average root mean squared deviations of dielectric boundary

forces from analytical values. Both ¢ and rmsd are computed over the 30 bins used to

divide the spherical surface. See Figure 1 for more details.

This work Gilson et al.”’
1/h

o rmsd o rmsd
515 .065 .614 .109
. 4 151 .028 .169 .037

single-charged
.083 .011 .070 .008
16 .022 .005 .023 .003
325 .086 372 110
4 .099 .015 .100 .021

dipolar-charged
.042 .007 .047 .006
16 .014 .004 .014 .002
408 123 551 153
4 141 .059 161 .030

quadrupolar-charged

.058 .032 .062 .011
16 .019 .016 .019 .003
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Table 2. Convergence and uncertainty of atomic polarization charges (e) for salt-bridged
amino acid side chain dimers RD and KD. ¢ and rmsd are, respectively, the average
standard deviations of atomic polarization charges and the average root mean squared

deviations of atomic polarization charges from those computed with the finest tested

grid spacing.
1/h o (x107%) | rmsd (x107)
2.74 2.28
1.02 1.45
RD
379 .659
16 142 NA
3.30 1.69
1.20 794
KD
473 501
16 168 NA
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Table 3. Convergence and uncertainty of atomic dielectric boundary forces (kcal/(mol A)) for
salt-bridge amino acid side chain dimers RD and KD with and without singularity
removal. ¢ and rmsd are, respectively, the average standard deviations of atomic
dielectric boundary forces and the average root mean squared deviations of atomic

dielectric boundary forces from those computed with the finest tested grid spacing.

w/o singularity with singularity

1/h CcC rmsd o CC rmsd o
2 | 995702 207 .109 .991407 1.05 .307
4 | .999824 .063 .034 .998444 382 .053
KD 8 | .999959 .024 .013 999851 110 .016
16 N/A N/A .005 N/A N/A .006
2 | 995221 205 .091 .992494 1.26 243
4 | 999585 .080 .035 998621 395 .051
e 8 | .999917 .028 .014 999871 117 .017
16 N/A N/A .006 N/A N/A .007
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Table 4. Convergence and uncertainty of atomic dielectric boundary forces (kcal/(mol A)) for
several selected molecular systems. CC: correlation coefficient with the atomic
dielectric boundary forces computed with the finest tested grid spacing. ¢ and rmsd
are defined in Table 3. Note that the numbers in bold are between “This work™ and

. 59
“Gilson et al.”””.

This work ( no singularity) Gilson et al.”
1/hf CC rmsd 4 cC rmsd o
21.989392 251 123 1.914655 737 765
41.998643 .089 .053 [.988039 .232 216
6 8 1.999837  .030 023 1.998173 .087 .080
16].999299 .057 .009 N/A  NA .030
21.995179  .118 .083 [.944397 345 414
41.999587 .048 023 1.994972 .085 .112
A 8 1.999965 .018 .009 [.999585 .024 .037
16].999763 .023 .003 NA NA 013
21.997477 .141 071 .973263 378  .394
41.999670 .054 027 1.996563 .119 .124
polyAT
8 1.999958  .019 010 [.999699 .034 .043
16].999773  .032 .004 N/A  NA 015
21.995408 .069 .030 [.975337 .208 .193
41.999462 .031 013 1.997356 .056 .063
polyALA|
81.999949  .011 005 .999516 .020 .022
16(.999773  .020 .003 N/A  NA .008
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Table 5. Convergence and uncertainty of total electrostatic forces (kcal/(mol A)) for several
selected molecular systems. ¢ and mean are, respectively, standard deviations and means of

total electrostatic forces for the tested systems.

This work Gilson et al.59
1/h mean o mean o
3.30 1.98 13.7 13.9
4 2.76 398 11.0 3.39
CG
2.08 115 5.84 1.02
16 1.78 .038 2.90 435
1.51 1.21 491 5.58
4 614 195 2.89 1.43
AT
471 .063 1.81 .627
16 432 .025 1.32 262
1.52 1.28 8.33 9.69
4 727 335 2.37 4.02
RD
.687 .076 3.14 2.13
16 .651 .030 1.49 525
.823 1.41 2.75 7.87
4 .594 274 2.08 5.05
KD
.548 .093 1.23 1.87
16 535 .031 369 392
12.0 4.05 26.4 22.5
4 6.94 747 16.3 591
polyAT
5.71 234 7.54 2.49
16 5.51 .095 5.64 .850
3.29 1.01 5.64 7.60
2.21 282 3.95 3.08
polyALA
1.87 .084 3.39 .930
16 1.71 .032 3.06 425
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Figures

Figure 1. Convergence of dielectric boundary forces (magnitude, in kcal/(mol A)) on a
sphere in the single-charged arrangement (top), dipolar-charged arrangement (middle),
and quadrupolar-charged arrangement (bottom), respectively. Left: this work. Right:
Gilson et al.>® The spherical surface is divided into 30 bins. Theta is the inclination
angle from the zenith for each bin. The analytical results are shown as solid black

lines. The detailed statistics of the tests are listed in Table 1.
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Figure 2. Convergence of atomic polarization charges (e) of dimer RD (top) and KD

(bottom).
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Figure 3. Correlations between the atomic dielectric boundary forces (kcal/(mol A))
computed at the 1/2 A grid spacing and those at the 1/16 A grid spacing. Results from
this work are shown in cyan open square, and results from Gilson ez al.”’ are shown in
magenta open triangle. Top: two base pairs and two side chain pairs. Middle:

polyALA. Bottom: polyAT.
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Figure 4. Correlations between atomic dielectric boundary forces (kcal/(mol A)) computed at
the grid spacings of 1/2 A, 1/4 A, and 1/8 A, respectively, and those at the grid

spacing of 1/16 A for polyAT. Left: This work. Right: Gilson et al.”’
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Figure 5. Total electrostatic force (kcal/(mol A)) on base C of the CG dimer with respect to
inter-molecular distance (A, between atoms N3 on C and H1 on G). The results of this
work are shown in cyan triangle, the results of Gilson et al. are shown in magenta
square, and the average data of 1/16 A by both methods are used as the benchmark,
shown in blue circle. Note that the standard deviations in Gilson et al.” are out of the

plotting range at 1/2 A.
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Figure 6. Dielectric boundary forces (kcal/(mol A)) on a single-charged sphere by the
“Newton’s third law” algorithm. Analytical results are also shown for comparison.
See Figure 1 for more detail. Here X is the force in the x direction; Z is for the force

in the z direction. The force in the y direction is extreme small, and is not shown.
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